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In [Sel56] Selmer proved that Xn − X − 1 (n ≥ 2) is irreducible over Q. In [Lju60]
Ljunggren developed a different technique to prove irreducibility of lacunary polynomi-
als. His technique works particularly well for f(X) = Xn −X − 1:

For g(X) ∈ Q[X] of degree m let ĝ(X) := Xmg(1/X) be the reciprocal polynomial.
Assume that f(X) is reducible, so Xn−X − 1 = u(X)v(X) with non-constant monic

polynomials u, v ∈ Z[X]. From u(0)v(0) = −1 we may assume that u(0) = 1, v(0) = −1.
Set g(X) = û(X)v(X). So g is monic of degree n, and g(0) = −1. Write g(X) =
−1 + a1X + a2X

2 + · · ·+ an−1 +Xn. Comparing the coefficients of Xn in

(Xn −X − 1)(−Xn −Xn−1 + 1) = f(X)f̂(X) = u(X)v(X)û(X)v̂(X) = g(X)ĝ(X)

yields
3 = 1 + a21 + a22 + · · ·+ a2n−1 + 1,

hence
g(X) = Xn + εXm − 1

for some 1 ≤ m ≤ n− 1 and ε ∈ {−1, 1}.
Now comparing the coefficients of X in

(Xn −X − 1)(−Xn −Xn−1 + 1) = g(X)ĝ(X) = (Xn + εXm − 1)(−Xn + εXn−m + 1)

shows that either ε = −1, m = 1, or ε = 1, m = n − 1. In the former case we have
g = f , hence û = u. The latter case yields g = −f̂ , hence v̂ = −v.

Let ζ ∈ C be a root of u if û = u, or a root of v if v̂ = −v. Thus in either case,
f(ζ) = 0 = −f̂(ζ). From

ζn − ζ − 1 = 0 = ζn + ζn−1 − 1

we get ζn−2 = −1. So 0 = −f(ζ) = −ζ2ζn−2 + ζ + 1 = ζ2 + ζ + 1, and therefore ζ3 = 1.
Write n = 3k + r with r ∈ {0, 1, 2}. So 0 = f(ζ) = ζr − ζ − 1, in conflict with

ζ2 + ζ + 1 = 0.
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