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The main result of the paper 1“The Sum of Squares Law” by Julio Kovacs, Fang
Fang, Garrett Sadler, and Klee Irwin is based on the following theorem, applied to
a proper orthogonal projection π and the trivial projection π = In, respectively.
However, the proof given there seems to use the wrong assertion that an irreducible
real representation remains irreducible over the complex numbers. Furthermore, it
has the superfluous restriction to proper symmetries.

Thus we give a different version and proof of this key assertion.

Theorem. Let G ≤ On(R) be a finite, irreducible group of orthogonal matrices in
their natural action on Rn, and let π ∈ Rn×n be a matrix such that v 7→ πv is an
orthogonal projection to an m-dimensional subspace. Then∑

g∈G
‖πgv‖2 =

m

n
|G|‖v‖2

for all v ∈ Rn.

Proof. Denoting 〈·, ·〉 the standard scalar product of Rn, we get∑
g∈G
‖πgv‖2 =

∑
g∈G
〈πgv, πgv〉 =

∑
g∈G

(πgv)t(πgv) = vt(
∑
g∈G

gtπtπg)v.

Set φ =
∑

g∈G g
tπtπg. Note that φt = φ. Furthermore, htφh = φ for all h ∈ G,

since if g runs through G, then so does gh. From ht = h−1 we see that φ commutes
with all h ∈ G.

The eigenvalues of the symmetric matrix φ are real. Let λ be an eigenvalue.
Then φ − λIn is singular. On the other hand, φ − λIn commutes with G, so by
Schur’s Lemma, φ− λIn is either 0 or invertible. Thus φ = λIn.

Taking the trace in

λIn =
∑
g∈G

gtπtπg =
∑
g∈G

g−1πtπg

shows nλ = |G| trace(πtπ).
Note that π is orthogonally conjugate to a diagonal matrix with m entries 1 on

the diagonal, and the remaining entries 0. Thus trace(πtπ) = m, so nλ = m|G|,
and the claim follows. �
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